Abstract. Gould-Trivelpiece (TG) mode is excited by a relativistic electron beam (REB)via Cerenkov interaction in a magnetized dusty plasma and dusty plasma cylinder. The unstable wave's frequency increases with relative density of negatively charged dust grains δ (= n i0 /n e0 ), where n i0 is the equilibrium ion density, n e0 is the equilibrium electron density, respectively) in both infinite and finite geometry. The growth rate of the unstable mode increases with beam density and scales as one third power of beam density in both the cases. In addition, the growth rate of the unstable mode decreases with relativistic gamma factor. Moreover, comparison between the infinite and finite geometry indicates that the unstable mode's growth rate is more in case of infinite geometry than that of the finite geometry. Our theoretical results are in line with some of the experimental observations and theoretical findings of previous investigations.
Introduction
Gould-Trivelpiece (TG) waves are electrostatic waves and considerably observed in the range of frequency between ion plasma frequency and electron cyclotron frequency. TG waves are also known by the name of lower hybrid waves (LHWs). These waves have been investigated by many researchers both theoretically and experimentally [1] [2] [3] [4] [5] for many decades due to their property of absorbing and heating the electrons effortlessly near the boundary of the plasma. In bounded plasmas the TG wave appears as a short radial wavelength, whereas in unbounded plasmas it is linked with a short azimuthal wavelength [6] .
Praburam and Sharma [7] have reported that low-energy beam of electrons excite the TG wave of higher harmonics. Seiler et al. [8] have used linear Princeton Q-1 device to investigate the instability of LHWs by a spiralling ion beam. The behaviour of LHW instability due to perpendicular ion beam has been observed by Chang [9] . The excitation of lower hybrid waves by a density modulated electron beam in a plasma cylinder has been studied by Sharma et al. [10] . Prakash et al. [11] have investigated the excitation of lower hybrid waves by an ion beam. They observed that LHW shows maximum growth rate of the instability when phase velocity of LHW along the magnetic field is similar to the electron thermal velocity.
Recently, a lot of work has been done by the researchers in plasma containing dust grains [12] [13] [14] [15] [16] [17] . In laboratory, study has been conducted on the waves in non-magnetized [12] and weakly magnetized [13] dusty plasmas. Sharma et al. [14] have developed a model in which ion-acoustic wave (IAWs) have been excited by an ion beam in a magnetized dusty plasma cylinder. The behaviour of dust-acoustic waves (DAWs) instability due to an ion beam in infinite geometry dusty plasma has been studied by Sharma et al. [15] . In their study, they found that frequencies and the growth rate associated with DAWs instability increases with relative density of negatively charged dust grains.
Barkan et al. [16] have studied ion-acoustic waves in magnetized dusty plasma and found that the phase velocity of waves upraise with an increase in number density of negatively charged dust grains. A drastic reduction in the strength of the Landau damping has also been observed by them. Using Vlasov theory, Rosenberg [17] has studied instabilities of dust-ion acoustic mode as well as dust-acoustic modes in unmagnetized dusty plasma.
In the present work, a model is developed for excitation of Gould-Trivelpiece (TG) mode by a relativistic electron beam in a magnetized dusty plasma (infinite geometry) and magnetized dusty plasma cylinder (finite geometry). The instability analysis for infinite as well as finite geometries is given in Section 2. We have obtained the response of beam electrons, plasma electrons and plasma ions using fluid treatment. To derive the expressions for the instability growth rates in both the cases, we have used first order perturbation theory, and are mentioned in Section 3. Lastly, conclusion of the work is given in Section 4.
Instability Analysis

Infinite Geometry
We consider a plasma containing uniform dust grains having equilibrium electron density n e0 , ion density n i0 , and dust grain density n d0 . A static magnetic field B s is applied in the z-direction. The charge, mass and temperature of plasma constituents are defined by (−e, m e , T e ) for electrons, (e, m i , T i ) for ions and (−Q d0 , m d , T d ) for dust grains. Consider an electrostatic wave, say, Gould-Trivelpiece (TG) wave, propagating at an angle to the external magnetic field,with propagation vector k in the x-z plane. A relativistic electron beam (REB) propagates along the z-axis parallel to the magnetic field with uniform density n b0 and equilibrium velocity υ b0ẑ . The beam and plasma system prior to the perturbation is quasineutral, such that (−n e0 + n i0 − n b0 − n d0 0). This equilibrium is disturbed by an electrostatic perturbation and associated potential with it is given by
The dusty plasma species are taken as fluids and follow the equation of motion and continuity, given as
Further, on linearization the equations of motion and continuity (cf. Eqs. (2) and (3)) lead to the electron density, ion density, dust density perturbations as:
where ω ce = eB s m e c is the electron-cyclotron frequency,
where ω ci = eB s m i c is the ion-cyclotron frequency,
The perturbed density of electrons of beam can be acquired by solving the relativistic equation of motion [18] and continuity (cf. Eq. (3)), we obtain
where 
Following refs. [19, 20] , the dust grain surface will have electron and ion currents, and can be expressed as 
Here, the radius of the dust grain sphere is a, (Φ g0 − V 1 ) is the difference between the surface potential of the dust particles and plasma potential. In the absence of dust grains the electron density is n e and ion density is n i . 
is the dust charging rate and Q 1d is the perturbed dust grain charge and is given as Q 1d = Q d + Q d0 . The capacitance of dust grain is denoted by
D e the electron Debye length. Replacing (9), we and λ D e is deduce the dust grain charge fluctuation
Putting the values of n 1e and n 1i from Eqs. (4) and (5) in Eq. (11), we obtain
Under the view of overall charge neutrality in equilibrium, we can write, −en i0 + en e0 +Q d0 n d0 + en b0 = 0 or n d0 n e0 = {(δ − 1) − n b0 n e0 } e Q d0 , whereδ = n i0 n e0 .
Using Poisson's equation ∇ 2 Φ = 4π(n 1e e − n 1i e + n 1b e + n d0 Q 1d + Q d0 n 1d ) and substituting the values from Eqs. (4)- (6), (8) and (12) in it, and taking ω ω ce , we obtain
where ω is the dust plasma coupling parameter.
Using charge neutrality condition mentioned by Prakash and Sharma [21] , we can also write dust plasma coupling parameter as β = 0.1πa 2 n d0 v te , where v te = T e m e is the electron thermal velocity. The dust charging rate can be given byη = 0.01 ω pe n e0 n i0 a λ D
. Further, in the absence of beam and dust grain terms i.e., n b0 = 0, δ = 1, means without dust grains Eq. (13) gives
Considering Eq. (14) and applying conditions essential for TG wave i.e., ω pi ω ω ce , we get
where (15) is the standard dispersion relation for TG mode [22, 23] in the infinite geometry.
Equation (13) can furtherbe rewritten as
where
In Eq. we recover the expression
Equation (17) can be further rewritten as
When the electron beam exists, we expand the frequency ω as ω = χ 1 + Λ 1 = k z υ b0 + Λ 1 , where Λ 1 is the small frequency discrepancy due to the finitevalue on RHS of Eq. (16).
Following Mikhailovski [24] , the growth rate of the unstable mode is given as
If beam voltage is V b , ω r is the real part of the frequency associated with instability and
and ω r increases with the beam voltage similar to the experimental observation of Chang [9] (cf. Figure 4 (a) of Chang [9] ).
The phase velocity of the unstable mode is
From Eq. (21), we can say that the phase velocity of the unstable mode increases with the beam voltage V b .
Finite Geometry
Consider a cylinder of radius 'a 1 ' containing uniform plasma with negatively charged dust grains, electrons and ions.The perturbed densities of electron, ion, dust and beam for finite geometry, derived using equations of motion and continuity (cf. Eqs. (2), (3) and (7)) are given as
, and
Following the similar instability analysis as was done in infinite geometry, we obtain
Rewriting Eq. (22) for axially symmetric case, we obtain
If we neglect the terms containing dust, we can rewrite Eq. (24) as
In case relativistic electron beam is not present, Eq. (23) can be rewritten as
Equation (26) 
Further, using the value of Φin Equation (23) from Equation (27) and multiplying both the sides of Eq.(23) by tJ 0 (p l1 t) and integrating over t from 0 to a 1 , here radius of plasma isa 1 , retaining only the dominant mode n = l, we obtain
Putting the value of p 2 from Eq. (24), Eq. (28) can be rewritten as
m e m i − 1 , and
Therefore, 
Considering Eq. (31) and applying condition essential for TG wave (k z k ⊥ , ω pi ω ω ce , we will get ω = ω pe k z /k ⊥ as (ω pe /ω ce ) 1 [22, 23] ,
Following the similarprocess as was done in infinite geometry, the unstable mode'sgrowth rate in finite geometry is given as
The real part of unstable mode's frequency is
In this case also the real part of the frequency of unstable mode increases with beam voltage which shows the similarity with the experimental observation of Chang [9] .
Numerical Analysis
In the present calculations, a typical set of dusty plasma parameters are taken into account.
The parameters used for calculations are: ion plasma density n i0 = 10 9 cm −3 , electron plasma density n e0 = 0.5 The dispersion curves of TG waves along with REB (relativistic electron beam) mode are plotted in Figure 1 for infinite geometry and Figure 2 for finite geometry, using Eqs. (18) The points of intersection of beam and TG mode are written in tabular form: Figure 1 and Figure 2 ) for all values of δ. At these frequencies the relativistic electron beam interacts with TG wave and transfers its energy to latter, thus the wave becomes unstable and grows which leads to the instability. It is significant to mention here that the TG mode exist when k ⊥ = k, k z k ⊥ . From Table 1 and Table 2 it can be seen that the unstable modes' frequency increases with the increase in δ for both the cases. As the value of δ rises, the electron density of plasma n e0 falls. As the value of δ increases i.e., the proportion of the negative charge per unit volume inherent by the dust particles becomes more, as a consequent, the unstable mode frequency enhances, which in turn decreases the wave damping. plotted, keeping all other parameters constant. In Figure 3 for infinite geometry and Figure 4 for finite geometry, it can be shown that the growth rate at which the instability grows enhanced as the density of relativistic electron beam rises for all the values of δ. This happens because the dust particles in plasma have tendency to stick the electrons and as the density of beam electrons increases more and more electrons will be captured by the dust grains through the beam in dusty plasma. Hence the critical drift for the excitation of wave decreases and hence the growth rate increases. For δ = 1 i.e., without dust grains, the value of the growth rate Γ = 0.021 × 10 6 sec −1 for infinite geometry and Γ = 0.0011 × 10 4 sec −1 for finite geometry. It can also be seen from Figure 3 and Figure 4 that the unstable mode's growth rate enhanced with the beam density and varies as the cube root of beam density (cf. Eqs. (19) and (32) Figure 3 ) and for finite geometry (cf. Figure 4) , we have found that the growth rate is more in case of infinite geometry. This is due to non-local effects because the interaction region decreases in case of finite geometry. Also, Equation (32) indicates that as the radius of cylindrical waveguide (a 1 ) decreases the growth rate will also decrease as it is inversely proportional to
z ] in case of finite geometry. Moreover, using Eq. (18) for infinite geometry and Eq. (31) for finite geometry we have plotted the frequencies of unstable mode with respect to the number density of dust grain 'n d0 ' for different values of δ, keeping all other parameters constant. Figure 9 for infinite and Figure 10 for finite geometry display the variation of frequencies of unstable wave with respect to the dust grain density 'n d0 ' for mentioned values of δ. It is observed that the frequencies of unstable mode decrease with the increase in dust grain number density 'n d0 ' in both the geometries. Again, using Eqs. (19) and (32) of infinite and finite geometry respectively, the growth rate Γ (sec −1 ) as a function of dust grain number density 'n d0 ' are plotted, considering other parameters as constant. Figure 11 for infinite and Figure 12 for finite geometry show the variation of growth rate of instability with respect to dust grain number density 'n d0 ' for different values of δ. It is found that the growth rate of unstable mode Γ (sec −1 ) decreases with increase in dust grain number density 'n d0 '. This happens because when the number density of dust grains increases need of electrons for dust grains also increases, as we know that the dust grains have temptation to electrons. The number density of dust particles increase and the number of electrons available per dust particles decreases which lessens Q d0 (the average dust grain charge), hence the frequency and the growth rate of the instability associated with TG wave also decreases. Our findings show similarity with the theoretical observations of Tribeche et al. [27] . Again, using Eqs. (19) and (32) for infinite and finite geometry respectively, the growth rate Γ (sec −1 ) as a function of relativistic gamma factor γ 0 for different values of δ are plotted. It is found that the growth rate decreases with increase in the values of relativistic gamma factor for infinite (cf. Figure 13 ) as well as for finite geometry (cf. Figure 14) . It is attributed to the fact, the phase velocity of Gould-Trivelpiece wave does not match with the beam velocity as the relativistic gamma factor increases and hence the growth rate decreases. 
Conclusion
The excitation of Gould-Trivelpiece mode by a REB has been studied in dusty plasma as well as in dusty plasma cylinder. The instability arises due to the interaction of REB with dusty plasma species through Cerenkov interaction. The frequency and the growth rate of the unstable TG mode upraise with an increase in relative density of negatively charged dust grains δ. It is also observed that the growth rate is more in case of infinite geometry as compared to that of finite geometry due to decline in the interaction region. It is also found that the growth rate enhances with an increase in number density of electrons possess by beam, in both the geometries and varies as the cube root of the beam density. This result shows resemblance with the experimental observations of Chang [9] without dust grains. Our growth rate results with negatively charged dust grains show qualitativesimilarity with the experimental observations of Barkan et al. [25] , and theoretical predictions of Chow and Rosenberg [26] and Tribeche et al. [27] . Thus, the instability of Gould-Trivelpiece mode destabilizes in the presence of negatively charged dust grains in this model. Presence of relativistic electron beam excites Gould-Trivelpiece mode and its growth rate expressively depends on beam density, dust grain size and number density of dust particles, and relativistic gamma factor. This work may advantageous in plasma processing of material experiments [28] because dust appeared to be key source of contamination during material manufacturing and in enhanced backscatter from the Space Shuttle exhaust [29] .
